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Abstract 

Motivated by recent works of Hofman and Maldacena and Dorey we consider 
a special infinite spin limit of semiclassical spinning string states in AdS^ x 
S^. We discuss examples of known folded and circular 2-spin string solutions 
and demonstrate explicitly that the 1-loop superstring correction to the classical 
expression for the energy vanishes in the limit when one of the spins is much 
larger that the other. We also give a general discussion of this limit at the level 
of integral equations describing finite gap solutions of the string sigma model 
and argue that the corresponding asymptotic form of the string and gauge Bethe 
equations is the same. 
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1 Introduction 



In this paper, following recent work of Pfll^lEl, we explore a special limit of semi classical 
string states in AdS^ x and dual gauge theory states in which one of the charges 
(one spin J in S^) is much larger than all others. The energy (dimension) E diverges 
with J while their difference stays finite. This limit appears to bring in remarkable 
simplifications, and thus its study may help to further clarify the structure of the 
string/gauge spectrum of states. 

If we consider for definiteness the SU (2) sector or string states on RxS^ parametrized 
by the two angular momenta Ji, J2, then the limit we are interested in is, say, J2 3> Ji 
and E — J2 = f{Ji, A) + O(^) (A is the 't Hooft coupling or the square of the string 
tension). In the semiclassical approximation one assumes that A ^ 1 while Ji = 
are fixed. Taking this limit for a few known classical spinning string solutions |31 E] 
one finds that E — Ji takes a simple "square root" form, and the analytic form of 
the solution simplifies. This turns out to be not accidental, as these states may be 
considered as bound states of "giant magnons" whose momentum is fixed in the large 
spin limit [21 El- Furthermore, their "square root" dispersion relation appears to be 
exact in A, being protected by a residual supersymmetry in this limit 

One of our aims below will be to confirm this explicitly by a 1-loop AdS^ x super- 
string theory computation. This is a non-trivial check as the presence and implications 
of the S'f/(2|2) X S'f/(2|2) (centrally extended) supersymmetry (UEj was not yet estab- 
lished directly at the level of the superstring action of (7|. We shall also supplement 
this by an analysis of the corresponding limit of the gauge/string Bethe equations of 

iHi El uni- 
on the dual spin chain side this large spin limit corresponds to the large spin chain 
length J = Ji + J2; and the states for which E — J is fixed for J ^ 00 are in the 
"intermediate" part of the spin chain spectrum. For example, at the leading 1-loop 
order in A the spin chain spectrum has the following structure in the J — > 00 limit JT] 
(the structure of the spectrum at finite A is expected to be qualitatively similar): it 
starts with the ferromagnetic vacuum (BPS state) with E — J = 0, on top of which 
come magnon states with i? — J~-j^ + 0(jg-) dual to BMN states, then come low- 
energy spin wave states with E — J ~ ^ + 0(^2) dual to spinning strings [1310111], 
then "intermediate" states with E — J ^ \ + 0{j) and finally the spinous and the 
top-energy antiferromagnetic state with E — J \ J + 0{1)} 

While the momenta for standard magnon states, P ~ j scale to zero with J ^ 00, the 
momenta of special elementary "giant magnon" states, a finite number of which are used 
to construct physical Bethe states in the "intermediate" part of the spectrum, are fixed 

^The "microscopic" magnon states correspond to J2 3> Ji with Ji being finite; the "thermody- 
namic" Hmit which was used in |12[I15| to isolate the semiclassical spin wave states assumed that both 
Ji and J2 are large but their ratio Ji / J2 (or "filling fraction" ) is fixed. The present thermodynamic 
limit for semiclassical states corresponds to J2 ^ 00 with 1 <C Ji <C J2. 
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in the large length limit. The same applies to the states in the near-antiferromagnetic 
region which are built out of an order J number of magnons. Indeed, the same limit 
was previously considered in [12] and, in particular, in ^3 ^1 02] in connection with 
the antiferromagnetic state of the spin chain. The string solution counterpart of the 
antiferromagnetic state was found in pUj . 

Below in section 2 we shall describe the large spin limit of several classical string 
solutions on S'^ in (with the corresponding states belonging to the SU (2) sector of 
the spin chain). One of them will be new - the second-spin generalization of the "giant 
magnon" of jj^ (independently found recently in while two others will be special 
cases of the known solution - the folded spinning string of [HI E] and the circular string 
of 122] • In all of these cases we shall find that the expression for the classical energy 
simplifies in the limit J2 ^ oo and takes the universal form 

E-J2 = pi + Afc2 , (1.1) 

where is a constant depending on a particular solution. The same applies also to the 
circular (5, J) solution of [22] from the SL{2) sector as we discuss in Appendix B. 

There are indications based on residual supersymmetry [2] IS| suggesting that semi- 
classical string solutions obtained in the above limit represent BPS states and thus 
their energy formula should not receive string a' ~ corrections. In section 3 we 
shall compute the 1-loop string correction to the energies of folded and circular string 
solutions in the large J2 limit using the methods of [IHl I2S] ■ On general grounds, the 
classical energy ()1.1|) of a classical solution may receive 1-loop string corrections of the 
form El = Ei{J'i), >Ji = We find that the 1-loop correction to the energy indeed 
vanishes in the 00, J^i =fixed limit due to a nontrivial cancellation between the 

contributions of the bosonic and fermionic fluctuation modes. This suggests (like in 
the near-geodesic or plane- wave cases, cf. [2111231211), that here the superstring action 
expanded near the large-spin classical solution has a hidden world-sheet supersymme- 
try (a remnant of target-space supersymmetry after K-symmetry gauge fixing), but so 
far it has not identified explicitly.^ 

^One of the solutions for which we shaU compute the 1-loop string correction will be the Ji = 
case of the J2 ^ 00 limit of the folded string solution of [Sj , which is the same as the extremal limit 
of the single-spin folded string solution of [J- Its classical energy E — J2 — 2-^ may be viewed as a 
Ji ^ limit oi E — J2 ~ \J + describing bound state of 2 giant magnons with spin [3]. In fact, 
the corresponding quantum state from the SU{2) sector (i.e. the one dual to the BMN-type operator 
Ti{Z...ZWZ...ZW...) should have Ji = 2, not 0. At the level of the classical solution (obtained within 
the semiclassical expansion with A ^ 1 and J'i — fixed) one cannot of course distinguish between 
the Ji = and Ji = 2 (or Ji =any finite number) cases, but one may question what happens at the 
quantum level. Assuming that the relation E — J2 ^ \J Ji + ^ is exact and setting there Ji = 2 we 

finish with E-J2 = 2^1 + ^ = 2^ -|- - - + .... The absence of the 1-loop order (VA)° 

correction to the Ji = solution is thus also consistent with this exact square root formula. 
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In section 4 we shall return to the discussion of the large spin limit at the classical 
string level and present the general analysis of it using the integral equation |Sj for the 
finite gap solutions of the string sigma model on S^. We shall then comment on the 
infinite length limit in the general Bethe ansatz equations on the gauge [H] and the 
string [ini 123 I2H| sides and argue that they become the same in this limit, i.e. the 
"dressing factor" decouples. 

In Appendix A we discuss some technical details of the computation of 1-loop cor- 
rection to the energy of 2-spin folded string solution in the SU{2) sector. 

The same large spin limit applies also to other sectors of states and we illustrate this 
on the example of the SL{2) sector in Appendices B and C and pulsating solutions in 
section 4.4. In Appendix C we also consider giant magnons in the SL{2) sector. It 
turns out that these magnons have infinite E — J as well as an infinite Lorentz spin 5*. 
This is caused by the string reaching the boundary of AdS^. We show that there is a 
regularization that gives a finite answer and give a possible interpretation for this on 
the gauge side. 



2 Large spin limit of classical string solutions on 



In this section we shall describe several classical string solutions in the infinite spin 
limit. We shall consider strings moving in part of 5*^ in AdS^ x 



In general, a rigid rotating string configuration that we are interested in may be de- 
scribed as a solution of Nambu action in a "static" gauge 

t = T, 9 = 9{(7) , ipi = Wit + (fi{a) , = W2t + (p2{(T) , (2.2) 

and thus carries the energy E and two angular momenta Jj ~ Wj. 
2.1 "Giant magnons" with spin 

The "giant magnon" solution considered in was an open string with ends moving 

on a big circle^ which had Ji = 0, J2 — > oo with E — J2 = — cos^o=fiiiite. Here 
we shall generalize it to the case of finite non-zero Ji, reproducing the energy formula 
first obtained on the spin chain side as the energy relation for a bound state of Ji giant 
magnons in jS]^ 



ds^ = -dt^ + dO"^ + cos^ e dipj + sin' 



^9d^l. 



(2.1) 




(2.3) 



•^This solution is a also special case of string with spikes [221 on \'M\ . 

"^We interchange notation for Ji and J2 compared to 
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The same classical solution was independently found in [21] using a relation to the 
sine-Gordon model. ^ Setting 

wi = w , W2 = I , (pi = -wij{a) , (p2 = ip{a) , (2.4) 

the Lagrangian C of the Nambu-Goto action S = J drC is then determined to be 



JdaVv, (2.5) 



where 



V={P- cos^ Oifl - sin^ e^pl) [{djf + cos^ 9 (d^ifiif + sin^ 9{d^ip2f] 
+ (cos^ 6 ifiid^ifi + sin^ 0(p2daV2y 

or, explicitly, 

V = sin'' 9{d,ipy+w'' cos" 9{d,ijy + {1~ w^) cos'' 9{djf~w^ sin' 9 cos' 9 (d^ip + d^^f . 

(2.6) 

Varying £ with respect to ip, we find the equation 

d f — cos'^ 9daip + sin' 9 cos' 9da^\ 

= U , ' J 



da \ a/P J 

which clearly has 

d^ifj = tan' 9 d^(p (2.8) 

as a special solution. Substituting ()2.8j) back into the action, we find the reduced action 
that determines the expression for ^ as a function of (p 

y/l-w^VX f / 2 , f2 - ■ a ' - fon\ 

L = / dip V + r , r = sm 9, r = — . (2.9) 

2ti J dip 

Except for the extra y/^ — w' prefactor, eg. p.9|l is the same expression found in [2]; 
we thus get a "minimal" generalization of the "giant magnon" to the case of w ~ Ji 
non-zero. The explicit form of the solution for 9 is thus the same as in j2] 

r = sin^ = ^, -^ + 9o<ip<;--9o. (2.10) 

cos ip 2 2 

9 then varies between ^ and 9o. Then L reduces to 
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C=- — Vl — w'^ sin ^ , sin^ = cos^o, (2-11) 

TT 2 2 



^In conformal gauge, it can also be obtained as a solution of the generalized integrable Neumann 
model 1221. 



5 



where we have assumed that the momentum p of the magnon is related to 6q as in |2]. 

We can then derive from ()2.6|) and ()2.9|) the conserved quantities, the energy and 
the two spins, 



E = — dip , 

27r J ^(1 -^2) (^2 + ^/2 

J2 = [ dip 



27T 



^(l-w;2)(r2 + r'2) 



J, = [dip^^^^ = ^C. (2.12) 

271 J ^ VI -w2 i_^2 V ; 

Here ii^ and J are infinite, but their difference is finite and has the simple form 

E-J2 = — dip ^ ^ =^-C. (2.13) 
27r i ^ VI -w2 1-^2 V ; 

Comparing (|TT^ with (gUD), we find that 

/, = ^^.n|, (2.14) 

VI — ^2 77 2 

and hence from (j2.13j) we reproduce the energy formula (j2.3p . 

To complete the solution, let us find the dependence oiip onip] integrating ()2.8|) and 
using dTTTHl and dTTll gives 

ip = arctan (cot ^0 taiih (cot 6'o . (2.15) 

It is also convenient to express 6 in terms of ip 

6 = arccos (cos6'o sech(cot 6*0 ip)) ■ (2.16) 

At the ends of the string, tany^ = icot^O) therefore ip — ±00. In other words, the 
string wraps infinitely many times around the ip or ipi direction. Note that as ^ 0, 
ip{ip) approaches the step function ip{ip) = ^^{ip), while similarly O^ip) approaches 
O^ijj) = ^e{ip). (We have continued 9 to 9 < since ip jumps by vr as changes sign). 
This behavior will be relevant when considering the folded string. 

The discussion of finite gap solutions in section 4 below suggests that there should 
exist also more general solutions representing bound states of n magnons with total 
momentum p with energy 



E-J, = J J! + A^2 gin2 A = ^ /(Zl)2 + 1 sin^ A . (2.17) 
V TT^ 2n \ n 7T^ 2n 
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In the case of Ji = the special case of 6*0 = or p = tt and n = 1 corresponds 
to a string that stretches through the north pole of a 2-sphere j2]. A combination of 
n = 2 of such strings with total p = 2tt and thus with E — J2 = 2^ is then a limit 
of a folded closed string rotating on S"^ with its center at rest at the north pole and 
the positions of the folds approaching the equator {6 = ^). Similarly, there exists an 
analogous J2 — 00, p = rni limit of the folded (| times) 2-spin solution of [UllTn] with 
the simple energy formula found (for n = 2) in 



E-J2 = ^J! + ^n^. (2.18) 

We shall review this limit and present the explicit form of the resulting solution in the 
next subsection. 



2.2 J2 ^ Ji limit of the folded string solution 

Another example is found as a limit of the 2-spin folded string described in conformal 
gauge by the following ansatz (cf. ()2.2j) . see also ^3] for a review) 

t = KT , 6 = 9{a) , ifi = wiT , (p2 = W2T , (2-19) 

where |] {6' = dj) 

9" + sin 2Q = 0, w^^ = wl - wl (2.20) 

where we assumed that W2 > wi and for generality introduced the scaling parameter 
n7 Then 

^'2 = wl^isin^ - sin^ 6) , (2.21) 

where 9^ determines the length of the folded string, i.e. —9^ < 9{a) < 9^,. The 
conformal gauge constraint implies 

= 9'^ + wl cos^ 9 + wl sin^ 9 = wl cos^ 9^ + wl sin^ 9^ . (2.22) 

We shall consider the case of a single fold (the number of folds | is easy to restore 
at any stage). The solution of (j2.2H) can be written in terms of the elliptic functions 

cos6'(cr) = dn(w2icr,g), sin6'(cr) = sn(ti?2icr, Q') ■ (2.23) 

^The J2 ^ Ji limit of the folded string solution of |H] was discussed (for n = 2) in Appendix E in 
[T^ where the leading term in the expansion of the square root at Ji > a/A was found. 

^When W2 = wi the solution is 6* = ma, where m is an integer. This is can be transformed ^S] into 
the circular rotating solution with equal spins Ji = J2- In the limit when J7i,2 = 00 it has E = Ji + J2, 
i.e. is equivalent to a BPS state represented by a point-like string. 
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q^sm'e^= ^l "^l . (2.24) 
W2 — wf 



The periodicity in a implies 

r2,r fd. dQ 2 



/ da = A , i^2i = -K(g). (2.25) 



27r 

The conserved charges are 

E = VXk, Ji = VXwi —cos^e = — , = (2.26) 

Jo 27r nw2i Jo ^sm^9,-sm^9 

J.-VX.2 r ? sm2 , . ^ /^^ ^ -^-^^-^^ . (2.27) 



27r 7rw2i Jo ./sin^ - sin^ ^ 



The parameters wi, W2 and 6'* can be determined in terms of Ji and J2 (and A).^ Let 
us now follow [13 Ej and consider a special limit of this solution where J2 ^ Ji, i.e. 
J2 ^ 00 for fixed jTi. As usual in a semiclassical expansion we assume that A ^ 1 
and J7i = ^ is kept finite. It corresponds to the particular case when the string 
is maximally stretched in ^, so that its angular momentum J 2 around its centre of 
mass is maximal and goes to infinity (while the momentum of its center of mass J\ is 
arbitrary) . 

Let us now take the limit |, i.e. q ^ 1. Let us distinguish two steps. First, 

the conformal constraint ()2.22j) implies that W2 = Second, the periodicity condition 
fl2.25|l leads to the conclusion that one must have W21 — > c>o. Indeed, in the limit g — 1 
we get K(g) — > 00, so that 

vr 

9^^-, q I , i.e. W2i,n^oo. (2.28) 

If we do not impose the periodicity condition, we get a more general kink solution (see 
fj2.34p below) which does not, however, represent a physical closed-string state. 
Setting^° 

Wi = Kw , W21 = kVI — w"^ , w < 1 , (2.29) 
so that (pi = wt, ip2 = t, cf. (1231), we get from (jT^ ^^ 



9' = ±kVI - cos 9 . (2.30) 



SHere K{q) ^ /„- , . 

^Combining the above equations one obtains the two equations that determine £ — £{J\^ J-i), where 
i? = VA£, Ji^xAj^r, J,^^J,[ni: (j4)^-(4^)^ = ^g, [^^^^f^^^f^^. 
^"^In order to have J\ staying finite in the hmit k ^ cx3 we need to rescale w\. 
^^w = 1 thus corresponds to the BPS hmit when is constant. 
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-0 . 5lf 



Figure 1: 9{a) = arcsm[y/g sia{w2i<J,q)], for q = 0.99999999, — tt < a < tt. 



To illustrate what happens as 6** —>■ |, i.e. as q approaches 1, one may plot the periodic 
solution 9{(j) = arcsin[yg sn{w2icr, q)] with a between — vr and vr (see Fig.l). In the 
limit, 6{a) for — tt < a < tt becomes just a ste]9 function, like the one considered 
previously, jumping from — ^ to +|. It can then be periodically extended to all cr, so 
that 9' — >• ±oo at 0" = — tt, 0, vr, ... and 6^' ^ at other points in agreement with ()2.30|) . 
The energy of the solution and J2 then approach infinity 

E = K = J ^ / - 00 , 2.31 

TTV 1 - "'0 cos^ 6 

2VX w rf sin^^ 

^1 = , , J2 = 1^ „ / dQ — — ^ 00 , (2.32) 

TT Vl - TTVl - W "'0 COS^t' 

while E — J2 stays finite jS] 




E-J2 = \Jl + — . (2.33) 



Let us mention that if one formally relaxes the periodicity condition in a and introduces 
the new spatial variable x = kct G (— cxo, cxo) which will be fixed in the limit k ^ 00 
then the solution of (j2.3Uj) of the theory defined on a plane instead of a cylinder is 

,1 



6{x) = ±2 arctantanh(-Vl — w'^x) , x = na . (2.34) 

This non-trivial solution ()2.34j) (which is not a limit of the periodic solution on a circle) 
appears only in the exact scaling limit and describes a kink localized near x = O}^ 

Let us mention that for w = eq. ()2.34|) represents a limit of the solution in .2] in the 
conformal gauge. The parameter ^0 iii t2j and in the previous subsection is formally 
related to 6'=,, by a | shift. Indeed, here the center of the string is at the pole {9 = 0) and 

^^This solution of the sin-Gordon equation may be interpreted as describing a zero-energy particle 
that goes from one maximum of the — cos^ 9 potential to another in an infinite amount of "time" x 
(we have ^(O) = 0, 9{x = ±00) = ±f ). 
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its ends (at ±0^,) approach the equator in the hmit, while in the previous subsection the 
ends of the string where at the equator from the start while its center was approaching 
the pole as 6*0 -^0. 

Another remark is that the energy formula ()2.17|) suggests the existence of more 
general closed string configurations with Ji = for which p = 2Mtt with integer M 

a/a n , Mtt , 
E-J2 = - sin . 2.35 

71 n 

The corresponding closed string solution describes a string with spikes [SH] on and 
was obtained in |3I]. It has 

= 0, (p2 = uJT + Ma, e{a) = e{a + 27r) . (2.36) 

In the limit J2 — > 00, one finds that — > 1. For an arbitrary winding number M 
and number of cusps n, the closed string is built out of n segments with ends on the 
<^2-equator of S"^ (with minimal value of 6' = 6'^, reached in the middle of each segment); 
all segments combine to cover the 27rM distance along the equator. For M = 1, n = 2, 
one recovers the folded string, or more generally, for M = | one gets |-folded string 
solution for which the string stretches between the opposite points on the equator 
passing through the north pole in 9 (i.e. in this case 6** = |). 

2.3 J2 ^ Ji limit of circular string solution 

The simplest circular 2-spin string solution on is represented in conformal gauge by 

122] (cf. (EH), 0,(12111) 

t = KT , 9 = 9q = const , (pi = WiT + rriia , ({)2 = W2T + m2<J . (2.37) 

Written in terms of 2 complex combinations of embedding coordinates of into 
we have 

Xi = aie^"'i^+^'"^'^, X2 = a2e^"'2^+^'"2<T^ |aip + |a2p = 1 , (2.38) 
where ai = cos^o, cl2 = sin 9. The energy and two spins are 

E = y/XS, Ji = yXji , S = K, J, = a^iWi , (2.39) 
where the equations of motion and conformal gauge conditions imply {i = 1, 2) 



Wi = ^mf + 1/2, = 2Y^ alwl " H a- w^mi = . (2.40) 

i i 

This gives 

Ji 



E^ = 2Y^^m\^v^J-v\ ^m,J, = 0, E = 1- (2-41) 
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Here we are interested in the solution when J2 ^ Ji. To consider this it is useful to 
fix one of the two winding numbers to be 1 (it is easy to restore its general value at 
the end); setting 

m2 = 1, mi = —m, J2 = mJi (2.42) 

we should thus expand the above relations in large m at fixed Ji. In general, the 
relation between the spins and the energy is found by eliminating v from the following 
two equations 

-^2L= + ^ f ^ ^ = 1, 8^ = 2Vl + ^mJi + 2Vm2 + u^J^ - . (2.43) 
V 1 + ym^ + y 

Expanding in large m we get from the first equation 

'l + (1 + ^1')' ( Jl + J-2)7 m m2 



Then the second equation in ()2.43|1 gives 

2ml + Jl m 



S = K = mJi + ^l + Jl-—-^^^ + 0{—), (2.45) 



so that in the strict m — >■ 00, k — 00 limit we get (recalling that J2 = mJi 



E-J2 = pl + \. (2.46) 

This is similar to the expressions ()2.3|1 . ()2.33|1 found above for other solutions in the 
same limit. 

Let us comment on the form of the limiting solution. In the limit the string becomes 
infinitely long (has infinite winding number mi) but has infinitesimal radius and its 
position approaches ^0 = f • One can formally express the limiting solution in terms 
of the coordinates on R x R instead of R x which one may keep finite in the limit 
fi; — i> 00, JJ2 00. For m2 = 1 we get: 



Xi = aieVi+^i ' * - X2 = ase^* , t = kt, x = na , (2.47) 

where the limiting values of the parameters are^^ 



Restoring the dependence on the second winding number m2 = k we get 



E- J2 = ^Ji + Xk'^ . (2.49) 

A similar limit exists for a circular {S,J) string in the SL{2) sector P^j; we discuss 
this in Appendix B. 



^•^In general, for to2 = 1 the constants ai, 02 can be expressed as of = jn^/m^+J^+^/i+i^^ ' 



2 mVm-^+jy -^ 
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3 1-loop correction to the energy of folded and cir- 
cular string in the J2 ^ oo limit 

In this section we shall perform a check of the exactness of the energy formulae for the 
folded ()2.3H|) and circular ()2.4fi|) solutions by computing their 1-loop string corrections 
and showing that they vanish. 

3.1 Folded string case 

In Appendix A we have presented some details of the computation of the bosonic 
and fermionic quadratic fluctuation actions near the folded string solution (j2.19|) for 
arbitrary Ji, J2, i.e. arbitrary parameter 9^,. Here we shall specialize to the limiting 
case of interest ()2.28|) : 6'=k = |, k — >■ cx). 

Before getting into the more technical details of the computation let us sketch some 
of its general features. For finite k the 1-loop correction to the energy is given by the 
sum over characteristic frequencies, i.e., symbolically. 



where are multiplicity and sign factors, n is the discrete momentum on a circle 
a G (— vr, tt) and are effective masses depending on parameters of the solution. 
The ^ factor is the proportionality coefficient between the space-time and 1-d energy 
reflecting that t = nr. In the large k limit Mr will scale as Mj. — > nMr] introducing 
Pn = - and keeping only the leading order in /? ^ cxo one can then replace the sum over 
n by an integral over a continuous momentum variable conjugate to spatial variable 
X = Ka (see also 13J for a discussion of a similar limit): 



The same result can be arrived at directly by introducing the /t-rescaled variables as 
in (j2.29p Wi = kw, t = kt, x = kct. Then the resulting quadratic fluctuation action 
can be written as 5* = J dt dxL. 

In computing L and thus for the present case of the folded solution we should 
remember to use the form of the solution as it appears in the large k limit of the 
original periodic solution on a cr-circle, and not the formal solution on an inflnite line 
()2.34|) that exists in the strict scaling limit. In other words, 6 (a) should be replaced 
by a periodic version of the step function f e(cr) which is a large k limit of the solution 



Let us now consider in turn the relevant bosonic and fermionic fluctuations as they 
appear in L. The AdS^ fluctuations in ()A.1|) have rescaled mass equal to 1, and the 




(3.1) 




(3.2) 
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masses of two decoupled fluctuations in ()A.6|) . ()A.4|) are be given by 



-A = l-2fl-w^)cos^^ 



A = K^A . 



(3.3) 



The Lagrangian for the remaining three bosonic fluctuations ()A.11|) takes the form 
(here /' = dj, f = dtf) 



Ml 



+ 4(wsin^^ /i — cos^^ /2)r) 



[w 



l)cos2^ 



(w^ - 1)(1 + COS20) . 



(3.4) 
(3.5) 



As already mentioned above, 9{a) should be replaced by the periodic extension of the 
step function f e(cr) at — tt < cr < tt. To leading order in large k one may formally 
replace it by f e(a;) 
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TT 



9{x) = — e(x) 



1, x>0 
0, x = 
-1, x<0 



(3.6) 



Thus 6 is essentially constant for x > and for x < (i.e. the string is close to a 
point-like geodesic state). Then 



sin 9 = e(x) 



cos 9 



e\x) 



0, x^O 

1, x = 



(3.7) 



If we ignore the contribution of the point x = 0, we find that the mass ()3.3|) of 
the two decoupled fluctuations becomes equal to 1, and that /2 in ()3.4j) becomes 
massless and decouples. We are left with the following Lagrangian for rj and /i 



- r + ft - fi + iw' - l)iv' + ft) + ^we{x)hv 



(3.8) 



Using that = 1 away from the point x = 0, we end up with the following characteristic 
frequencies (conjugate to time variable t) 



±w ± yp^ + 1 



(3.9) 



^*More precisely, one needs also to include step functions at ±00. It turns out that contributions 
of isolated points, such as a; = 0,±oo, may be ignored when computing the spectrum. 

^^This limit of the folded solution written in cartesian coordinates is Xi = [1 — e^(x)]e""*, X2 = 
e(a;)e**, so that the size of the string shrinks to zero in Xi plane apart from x — (and x — ±00). 
This is similar to what was found in the case of the circular solution H2.47|l . 

"'^^A qualitative reason why one can ignore the contribution of this single point is that we are 
computing an extensive quantity and the coefficient function in the corresponding differential equation 
for the fluctuations is finite at this point (i.e. this is different from, e.g., a delta- function potential 
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where p is a continuous 1-dimensional momentum corresponding to the x-direction. 
We explain the derivation of (|3.9|) in detail at the end of Appendix A. 

Let us now consider the fermionic fluctuations in ()A.16|) . ()A.20|) . where we set W2 = 
K and rescale the coordinates by n. We shall also use that ()2.3U|) implies 9' = 
±Vl — w'^ cos 6, 6" = —(1 — w^) sin^^ cos^^, where here and below prime stands for 
dx (and dot for dt). To simplify the fermionic operator Dp in ()A.20j) we perform the 
rotations in the (89) and (08)-planes: 

^ = ei^rsrsgi^^rorg sin s = - sin 9 , cos s = - cos ^ , (3.10) 

u u 



u = tanhf = \/ sin^ 9 + w'^ cos^ 9, cosht> = ^ . (3.11) 

V 1 — cos^^ 



Then Dp becomes 



Dp = FoVl - ^2 cos9dt - 9'Trdx + u9'To78T 



1234 



+ — ^ rocos6' 

2u 



Vl — w"^ sin 6'(— mFq + Fg) + wTg 



Tr (3.12) 



+ ^'^^Itan^To--— =^= T,)Trs +9"—^=^ -1,09- 

If we further do a rescaling of the fermionic variable, introducing 

Q = y/e' ^ , Lp = -2iKQIDpQ , (3.13) 

we obtain 



w 

Dp = ±ro5t - Tya, T ^r789 + Mro78ri234 , (3.14) 



where the upper signs correspond to x < 0, while the lower sign to x > (they come 
from dx9 = ±\/l — w"^ cos9). Since TI234 = 1, we can restrict to subspaces satisfying 
112346 = ±6. 

Let us now specialize to the relevant case when 9 is replaced by the step-function 
(13. 6|) . Ignoring again the contribution of the x = point and using that then u = 1 
for X < 0, and u = —1 for x > 0, we get 

w 

Dp = ±Todt - Tjdx T -T789 ±To78 . (3.15) 

Computing the determinant of this operator (now having constant coefficients), and 
solving the resulting characteristic equations on either side of x = 0, one finds that the 
corresponding frequencies are similar to ()3.9|) . i.e. the are essentially the BMN ones up 
to a ly-dependent shift, 

w I 

cu = ±-±^p^ + l . (3.16) 
14 



Combining the contributions of all modes to the 1-loop shift of the energy (taking into 
account proper sign factors in ()A.21|) implying that the w-dependent shifts in (j3.9|) 
and (j3.16|) drop out) one finds that, just as in the BMN case, the 8 non-trivial bosonic 
mode contributions cancel against the 8 fermionic contributions, therefore, the 1-loop 
correction to the energy vanishes, 

Ei=0 . (3.17) 



3.2 Circular string case 

Let us now perform a similar computation in the case of the large spin limit of the 
circular solution discussed in section 2.3. The bosonic fluctuation Lagrangian near the 
circular solution with generic J\^J2 was found in [22] • In addition to 4 AdS^ massive 
fluctuations with mass n there are 2 free fluctuations (corresponding to the X3 direction 
of S*^) which have mass v. Using ()2.44|1 and rescaling the coordinates by k as above, 
we end up with the corresponding characteristic frequencies, given in the k ^ 00 limit 
by the same expression 



The remaining 3 coupled fluctuations in general are described by the following 
Lagrangian |22] 

L = ^(/i+/2+^2-/f -/2'-^??)+2(a2^i/i-aiti^2/2)^2-2(a2mi/i-aim2/2)^?^ (3.19) 

Setting m2 = 1, mi = —m and rescaling the world-sheet coordinates by k = mj'i —>■ 00 
(see (I2.45|l ) we end up with the following analog of ()3.4|1 



L 



^ifi + fl + gl - fi - f? - 92) + 2^2/1 Vi + 7^ + 27^?2/i 



(3.20) 



7 = ■ (3.21) 

/2 thus decouples in the limit and becomes massless. The non-trivial characteristic 
frequencies are then found to be 



^1,2 = VI + 7' ± V (P + 7)' + 1 , ^3,4 = - VI + 7' ± V (P - 7)' + 1 • (3.22) 



Interestingly, while the circular solution is unstable at finite J2 |22]i it becomes stable 
in the present limit, i.e. all characteristic frequencies are real. 

The fermionic fluctuation Lagrangian for the general circular solution with two un- 
equal spins was found in [33] (see also jMj). In the notation of [S3] 

L = 2i dDp^, Df=(^^^ ^_ ^ ® 1 (3.23) 

A± = a^da T Wa''^^ T Q(y^^^ , (3.24) 
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Txz2 2/ 2 I 2\ I 2/ 2 I 2\ ji ^2 2 2,2 2 ,n '3'1'3.2 / 2 2 

1^ = + ) + a2(m2 + i/ ), M = a^mi + a2m2, Q = 2MW ^^^^ ~ 



where a'^, are 16 x 16 gamma matrices in ten dimensions and a = 0, 1. Here 

(3.25) 

One can compute the characteristic frequencies from the following determinant 

detA^ = {dl - dlf + 2W\dl - dl) + 2Q\dl + dl) + {Q^ + W^f = , (3.26) 
In the large k limit one finds 

M/2 = «2 + ..., M^= + Q' = ^7'^+- (3.27) 

After the rescaling of world-sheet coordinates we get from detA^ = the following 
fermionic characteristic frequencies (with 4-fold degeneracy) 



u; = ±y(p±^7)' + l • (3.28) 

Collecting the resulting bosonic and fermionic frequencies and observing that after the 
rescaling of r by k the 2d and space-time energies are the same, we finish with the 
following expression for the 1-loop correction to the energy^^ 



oo 



Ei = \l dp 



6Vp2 + 1 + ^(p + 7)2 + 1 + ^(p _ + 1 

(3.29) 



4v/(p+^7)' + l-4W(p-^7)' + l 



This integral is convergent, and evaluating it directly one finds that it vanishes, 

El = . (3.30) 

It is interesting to note that this vanishing is due to a non-trivial cancellation between 
the fermionic and bosonic contributions. Indeed, if we shift the fermions momentum 
in ()3.29|) by r, the resulting integral is still convergent, 

1 f°° 
Hl^r) = - dp 



6^p^ + 1 + ^(p + 7)2 + 1 + ^(p - 7)2 + 1 
- 4:\/ (p + rf + l- 4^ {p -rf + 1 = 7^ - 4r2 . (3.31) 

However, it vanishes only if r = ^7 as in ()3.29|) . suggesting the presence of hidden 2d 
supersymmetry in this problem. 

The generalization of the above expressions to the case of non-trivial second winding 
number m2 = k can be found by replacing 7 = J'l^ — > kj^^] this does not change the 
conclusion about the vanishing of the 1-loop correction to the energy in this limit. 



""^^Upon using the signs factors from l|A.23(l for the contributions of the frequencies H;-{.22(l one finds 
that the p-independent parts of them cancel out. 
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4 Infinite spin limit and bound magnons in integral 
Bethe equations 



In |H] it was shown how to generate classical solutions for strings propagating on Rx S"^ 
and compare the results to gauge theory predictions using finite gap equations. In this 
section we will discuss the scaling limit and solutions of El 121] and section 2 using 
this formalism. 

This will then allow us, in particular, to argue that gauge theory and string theory 
predictions should match in this limit. 



4.1 Classical finite gap equations for a string on R x 



Let us first summarize the results of ^j. The string sigma model action on i? x 5*^ in 
conformal gauge can be written as 



S 



477 



drdcr 



-mr + lTriji) 



(4.1) 



where ja are the right currents which are written in terms of the SU(2) group element 
Q as ja = Q~^daG = ^iia^^- The equations of motion that follow from ()4.H1 are 







d.d^t = 0, 



(4.2) 



We can also define the left currents = QjaQ ^ = daQ Q ^ ■ The charges coming from 
the third component of the left and right currents are 



Ql = ^j d^^O = J2 + Jl, ^R=^j ^^^0 = - Jl 

A solution for t in (j4.2j) is t = kt, and so the string energy E is given by 



(4.3) 



E = / da drt = VX K . 

2n Jo 



(4.4) 



We can now set up a pair of linear equations that are satisfied provided the string 
equations of motion are satisfied: 



V2\ 

dr + 27r 



9 ( 3+ 



V2 



X 



V2 



X 



9( 3+ 3- 



^ = 0, 
^ = 0, 



9'^ 



A 

8^ 



(4.5) 



where x is a spectral parameter (not to be confused with the spatial coordinate used 
in the previous sections). The first equation can be integrated to give the monodromy 
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matrix (given by path-ordered product) 



«(x)^Pexpf ..^(^-^] . (4.6) 

Because of its unimodularity Q(x) has eigenvalues e^*-^*^^^ and satisfies the equation 

M(x) = 2cosP(x), (4.7) 
where -P(x) is the quasi- momentum. It is clear from the Virasoro constraints 

^Trjl = ^Trj! = -n' , (4.8) 

and ()4.6p that P(x) has the pole structure 

The asymptotic properties of -P(x) are determined by the charges Ql and Qr. For 
large x, P(x) behaves as 

P(x) = + . . . (x ^ oo) . (4.10) 

For small x, using Q{0) = 1 and expanding about x = 0, one finds 

P(x) =27rm+^^^i^x+... (x ^ 0) . (4.11) 

Here m is an integer, which follows from the periodicity condition in a for a closed 
string. We will refer to 27rm as the string momentum, and this can be thought of as a 
level matching condition on the string. 

Since P(x) is not single valued, there can be an interesting singularity structure in 
the X complex plane. There are two types of singularities that we can have. First, 
there can be branch cuts along contours Ck where two eigenvalues of the monodromy 
matrix are interchanged on either side of the cut, up to a factor of 27r. Hence, 

P{x + iO) + P{x-iO) = 27mk, x e Cfc . (4.12) 

We can also have singular points in the complex plane such that P(x) jumps by a 
multiple of 2tt when transported around the singularity. These singularities will pair 
up such that P(x) jumps by a multiple of 27i when it crosses a contour between the 
two singularities. We call this contour a condensate and label condensate j by Bj. 
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Because of the cuts C^, the spectral parameter space becomes a two-sheeted surface, 
with the singularities in (j4.9|) appearing on both sheets. It is convenient to define the 
resolvent G{x) 

^(x) = P(x) + + , (4.13) 

which is free of these poles on the top sheet. Hence, on this physical sheet, G{x) can 
be expressed as 

G(x) = V / dx'^^ + V / dx'^^ , (4.14) 

where p(x') acts as a density along the cuts and condensates. The density along a 
condensate is readily determined to be p(x') = —irij if x' G Bj. Along the cuts, the 
condition in ()4.12|) can be reformulated as an integral equation for the density 

r o(x') xE 

G(x + «0)+G(x-z0) = 2frfx'-^^ = - — + 27mk, x G C^. (4.15) 

J X — X' X^ — Q'^/Z 

The asymptotic behavior for large and small x in ()4.1()|1 and 1)4.111) leads to the condi- 
tions 



J dx p(x) = Ji + 
dx^^ = 27Tm 



E — J2 — Ji 
2 



X 



x^ g'^ 

We can then rewrite the integral equation in ()4.15|1 in terms of the inputs Ji and J2 as 

J X — x' x^ — J x' (x"^ — (7 /2) 

This integral equation |Hj is normally the main tool for finding string solutions, but we 
will see that it is not relevant for solutions made up only of giant magnons! 



4.2 Infinite J limit and matching to asymptotic spin chain 
Bet he equations 

Eq. ()4.17p can be compared to the integral equation that follows in the "thermody- 
namic" (Ji, J2 S> 1, ^ =fixed) limit |S1 [T2I from the proposed asymptotic Bethe 
ansatz on the gauge theory side |9j 
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In general, the two equations ()4.17|) and ()4.18p do not match starting with "3-loop" 
order implying the need to introduce an extra "dressing factor" into the spin chain 
Bethe ansatz TIT. 

If we now consider the scaling limit in which E and J2 become infinite, but their 
difference E — J2 as well as Ji stay finite, then it follows from ()4.1fi|l that the second 
term in the r.h.s. of ()4.17j) which was the cause of difference between ()4.17|1 and ()4.18j) 
is vanishingly small compared to the first term. This also implies that the l.h.s of ()4.17p 
is negligible, and hence must be infinite. As a result, the cut must have shrunk to 
a point. 

In general, the above integral equations should receive also contributions from string 
loop corrections j^ZlEBj- The 1-loop correction to the dressing phase considered in |25] 
produces extra contributions to the r.h.s. of the integral Bethe equation ()4.18|) . but it 
is easy to see (e.g., from eq.(lO) in [2H1) that it is negligible in the present limit. This 
implies that the predictions of the asymptotic "undressed" gauge theory Bethe ansatz 
of inj and full string Bethe ansatz should agree in this limit. 



4.3 Giant magnons and their bound states as finite-gap solu- 
tions 

Let us now consider some simple solutions of equations (j4.16|) and (j4.17|) in the infinite 
J2 limit. We start with solutions made up only of condensates and no cuts Ck- Without 
cuts we can disregard eq. ()4.17p and the condensates, whose contribution to the energy, 
spins and string momentum is additive, can be treated individually. The periodicity 
of the closed string forces the total string momentum to be an integer multiple of 
27r. However, the momentum p from an individual condensate need not satisfy this 
condition as long as the total momentum coming from all the condensates that make 
up the closed string solution does satisfy the condition. 

Hence, we may formally consider the case of a single condensate only, remembering 
that the final physical closed string solution will be made up of more than one conden- 

2 

sate. It is useful to introduce a different spectral parameter y which satisfies y = x + ^ 
[H]. Then the equations on p in ()4.16|) become 

dyp{y) = Ji , 



B 



dyPkL= = p, 
B 7^2^72^ 

2g' I dy^=^^^^-——- = E-J,-J,. (4.19) 



B yy/y'^ - 2g^ + - 2g 



-•^^This conclusion is consistent with the discussion in |S] where bound states of ginat magnons where 
interpreted as poles of BDS S'-matrix; it was assumed that the dressing factor does not introduce new 
poles. 
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Figure 2: Condensates for three different values of Ji. As Ji 
the contour approach the cut. 



0, the end points of 



In order for the momentum and the energy to be real we also require that the end points 
of the condensate be complex conjugate to each other. Assuming that piy) = —i n, we 
see from the first equation in ()4.19p that the end points of the condensate are yo±iJi/2, 
where yo is to be determined. If we interpret p{y) as a density of Bethe roots, then the 
contour would naturally be chosen to be a straight line along the imaginary direction 
in order that dyp{y) is positive real. However, because of the square root in the second 
and third integral equations, there is a branch cut between ±V^g and so there is an 
ambiguity in how one chooses the contour. In particular, if we substitute this density 
into the second equation, we find the relation 



arccosh 



' yo + 



arccosh 



V 



n 



(4.20) 



where one can see a sign ambiguity in evaluating the arccosh. If we momentarily set 
Ji = 0, then one can have the solution yQ = \/2gcos assuming that the end points 
are evaluated on opposite sides of the cut, which requires the contour to go outside 
one of the branch points. Otherwise, there is a solution only if p/ra is a multiple of 27r. 
The more general solution is 



1/0 



'2(7^ cos^ 



2n 



2n) 



2n 



where one finds that a straight-line contour is possible if 



Ji > 2\f2qn sin — tan — . 

^ 2n 2n 



(4.21) 



(4.22) 



If we start with J\ satisfying this bound and smoothly decrease the value, one will see 
that the contour starts deforming once J\ is less than the bound. Even as J\ —>■ 0, we 
are still left with a nontrivial contour. This is demonstrated in figure 2 where we show 
three contours with different values of Ji and fixed p. 
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Finally, performing the final integral and putting in the value for i/q in ()4.21|) . one 
finds 

E-J, = nsj(^^)\sg- sin^l- , (4.23) 

which is the same as fj2.17|) . The case with n = 1 corresponds to a single magnon 
with spin Other values of n represent bound states of n magnons with the string 
momentum p and angular momentum shared equally among magnons. 

We can also derive similar relations directly from the discrete BDS Bethe equations. 
These equations for the Bethe roots yj are P 

/ xfa + V2)\ '^^'^ ^ ^ y,-yu + r 
\x{yj-t/2)J ^^jyj-yk-^ 

where x{y) = {y + \/y'^ — 2g'^)/2. In the limit where J2 —>■ 00, there can be Bethe string 
solutions, where a string is made up of Ji roots situated at yj = yo + i{,Ji + 1 — 2j)/2 
with j = 1, Ji and yo real. The momentum contribution of a root satisfies 



(4.25) 



x{y^ - 1/2) ' 

and so the total momentum coming from a Bethe string is 

ip = ^[ln[x(yo + «(Ji + 2-2j)/2)]-ln[x(|/o + ^(Ji-2j)/2)] 
i=i 

= In [x{yo + tJi/2)] - In [x{yo - tJi/2)] 

which matches fl4.2()j) when n = 1. Likewise, E — J2 — Ji is ^ 

1 1 \ 



Ji 

E-J2-J1 = tg^Y. 



x(y,+^/2) x{y,-t/2)^ 



[x{yo + iJ,/2) x{yo-tJi/2)) - ^^'^'^^ 

It is straightforward to show that this is the result for the third integral in ()4.19|) when 
p = —i] thus we get ()4.23|) with n = 1. More general values of n are obtained by 
increasing the density of the roots. 

In Appendix C we will derive an analogous equation for the SL{2) sector. The other 
rank one sector, the SU{1\1) sector, which is equivalent to free fermions in the one-loop 
approximation, does not have the poles and zeros in its S-matrix |121 HH] to build up 
(bound states of) giant magnons. 
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4.4 Finite-gap solutions for large spin limits of circular and 
pulsating strings 



One interesting application of this discussion is a limit of the circular string solution of 
[22] considered already in section 2.3. Here we have nJi = mJ2, so that J2 ^ oo with 
finite Ji corresponds to holding m fixed as n ^ 00. In jI21IHl it was argued that these 
solutions correspond to single-cut configurations and so G{x) is an algebraic function 



L 



L 

+ 4 



X 9_ ^ + -3- 



\J ay? + 6x + c — Txn , 



where L = Ji + J2 and with e, a, h and c to be determined. In order to cancel the 
poles, a, h and c must satisfy l = ^a-|-c, h = — e while matching the asymptotics 
gives 

1 \ 



In the limit n — > cxo, one finds 



Jt + rr?X ^Jl + w?\ 

1 (47rm)2 1 m^A 

a = , , c = - 



(4.29) 



Jl + n?\ + Ji J J2 + m^A 2 j2 + ^2^ + / j2 + ^2^ 



where we used the fact that L/n = Ji/m in the limit when L and n both approach 00. 
In this limit the cut shrinks to a point with support at x = xq, where 



j2 + m2A + Ji), i.e. yo = xo + |^ = -^V^J?+^. (4.30) 



xo = — ^ ( + "^^-^ + -^1 ) , i-e. Z/o = xo + 7^ ^ 

47rm V * / 2xo 27rm 

As the cut shrinks to zero length, the density approaches p{y) = Ji6{y — i/q) and so 
E — J2 approaches the same value as in ()2.49|1 (with k in ()2.49|1 replaced by m in the 
notation of the present section) 



E-J._.J., 2i-l,y ^ V'^n^. (4.31) 

Note that (j4.30j) and (j4.3H) are precisely the limiting values of, respectively, (j4.2H) and 
(I4.23P in the limit n 00 ii p = 27rm. In other words, this limit of the circular string 
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can be interpreted as a bound state of n magnons with each magnon having 1/n of the 
total energy and momentum. 



One can also give a similar interpretation to the limit of pulsating string solutions 
discussed in IHl IHEj- The corresponding state is outside the SU{2) sector on the 
gauge side but is still described by finite gap equations for a string on i? x 5*^. We can 
write the ansatz for the pulsating string solution in terms of the complex coordinates 
Xi and X2 as (cf. ((2311)) 

Xi = sin e e'"^" , X2 = cos 9 e'^^ , 6 = ^(r), ^ = ip{T) . (4.32) 

This ansatz corresponds to a circular string wrapped m times and with its center of 
mass moving along the ip direction with momentum J, and which is pulsating back 
and forth along 6. The string equations of motion lead to 

y/\ cos^ 6' ' ^ ^ 

which applied to the conformal constraint gives 

= 9"^ + rr? sin^ Q + — . (4.34) 

A COS"' d 

If we now assume that J/\f\ ^ 1, and m ^ 1 with m/J fixed, and further assume 
that ^ -C 1, the pulsating becomes harmonic and the constraint equation ()4.34|) is well 
approximated by 

7712 t2 / 72 \ 

III — J AO I 2 ^ 



Further assuming that E — J is held fixed and following the analogy with the standard 
harmonic oscillator quantization (e = hcuN where here u"^ = m? + ^) we find that 



E-J^^{^^)\ + N^, (4,36) 

where is the oscillator mode number which must satisfy ^ J in order that ^ 1. 

The result fj4.36p can also be reproduced from solutions of the finite gap equation in 
[H]. In jH] it was shown that the resolvent arising from the pulsating solution is 

1 1 

2 x2 -^2/2 



G'(x) = - ^ \. ( ^x + V [2vrm(x2 - g'^/2) - J^f + (^2 _ j2)x2 ) - vrm . (4.37) 



This resolvent clearly has four branch points and two cuts. If we now take the limit 
E, J ^ 00 with E — J and J/m finite, then the two branch cuts each shrink to a point 
at 



1 

X = — 
47r 



m V \m 



i.e. y = ±—\i- +X = ±yo. (4.38) 
zn V Km/ 
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Hence, the solution has reduced to two zero length condensates which are images of 
each other. The densities along the condensates are opposite to each other so that 
Ji = 0. Each condensate contributes half the oscillator number, so 

P{y) = f {Siy - yo) - 5{y + yo)) . (4.39) 

The total momentum in ()4.19|) must be zero, which means we should choose the 
branches J{±yo)'^ — 2g'^ > 0. Finally, the third equation in ()4.19p leads to 



E-J = 




(4.40) 



reproducing ()4.36p . 

We can also work backward and find giant magnon solutions in the pulsating sector. 
These solutions would correspond to condensates of equal length and opposite density 
with total oscillator number N/2 on each condensate. If the density is given by ±n 
on each condensate, then the computation goes through exactly as for the SU{2) case, 
but with Ji replaced by N/2 and J2 by J. The two condensates have momentum ±p, 
so one finds 

We can reduce this to ()4.36|) by taking n 00 and identifying p = mNTc/J. 

In figure 3 we show the contours for (a) the limit of the folded string and (b) the 
analogous configuration for a pulsating string. The distinction between these two cases 
is that the folded string has both condensates on the same sheet, while the pulsating 
string has its condensates on different sheets. The string motion in (b) can be viewed 
as follows: for half the string, say from < a < n, the configuration is exactly the 
same as the limit of the folded string, with the string having constant angular velocity 
along (fi. On the other half of the string everything is the same, except the angular 
velocity along (pi is in the opposite direction. Even though the separate halves are 
rotating in opposite directions in ipi, the string is continuous since the two halves are 
attached where cos 6' = 0. Thus, the string oscillates between a folded configuration 
and a circular configuration twice every revolution in ipi. 

In Appendices B and C we shall also discuss similar solutions in the SL{2) sector. 

While this paper was in preparation we learned of an interesting forthcoming paper 
jH] that discusses the finite J generalization of the giant magnon solutions of j21 EI • 
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Figure 3: Condensates for strings made up of two giant magnons. (a) is the limit of 
the folded string and (b) is a pulsating string. The arrows represent the sign of the 
density while the dashed line in (b) indicates that the condensate is on the lower sheet. 
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Appendix A: Fluctuation Lagrangian near the folded 
string solution 

A.l Bosonic fluctuations 

Our starting point will be the general form of the 2-spin folded string solution discussed 
in section 2.2. We shall consider the conformal gauge. 

Since the string is not stretched in the spatial AdS^ directions (with the metric 
= - nlitll dt'^ + TT^rk^) their fluctuations t = KT + i, = + Cfc, k= 1, 2, 3, 4 
are governed by 

L = -l[- {daif + {daCkf + ^'Cl] , (A.l) 

i.e. we get one massless fluctuation and 4 massive ones with the characteristic frequen- 
cies uj = -^\Jrfi -|- K^. 

To consider the S'^ fluctuations we shall follow [221 IHZI and use complex embedding 
coordinates in terms of which the Lagrangian is 

L = -^9,X,9"X* + ^A(X,X* - 1) , (A.2) 
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and the classical solution is 

Xi = cos^(a) e™i", X2 = sin^(a) e™^", X3 = 
so that the classical value of the Lagrange multiplier is 



A = daX.d^X* = -2{k' - wf)- 



sin 9^ 



1w\ + 



Introducing the fluctuations Xj — Xj + Xj one gets 



L = 9,X,9'^X* + ^AX,X* 



^(X,X*+X*X,) = 



i=l 



X3 has no classical background and thus decouples, i.e. its equation of motion is 

So'Xs - 9^X3 - AX3 = , 

where A = A (a). 

The remaining 3 independent fluctuations are coupled. Let us deflne 
Xi = e™^^(^7i + ih) , X2 = e™^-((72 + ih) , 
where the constraint in ()A.5|1 implies 

g\ cos 6* + (72 sin 6* = . 

Then 

1 



(A.3) 
(A.4) 

(A.5) 
(A.6) 

(A.7) 
(A.8) 



9{ + 9i + ft + fi - 9't - 92 - /i - /2 + <Ut + 9i) + + /2 ) 

- Aw,hgr-Auo2f2g2 + Kfl + 11 + 91 + 9l)\ (A.9) 
We can simplify this by introducing 

= (?! cos^^ + (72 sin^^, ?7 = — sin 6' + (72 cos 6' , (A. 10) 

and ()A.8|) implies that r/i = 0. The fluctuation Lagrangian for /i, /2, ?7 then becomes 



fi + fi-f?-f?+f-r-M-:^v^-Mift-Mifi 



2„2 



r2 £2 



t2 p2 



' — wj COS^ 9^: 

+ 4(wi sin 9 fi — — cos 9 f2)f] 



sin 6'* 



where 



Ml 



[k' -wi)[l-2 



sm^9 



cos 261 



sin'^ 



2 n ' 



sm 9^,) 

and we used the explicit form of W2 from (j2.24p . 



COS 29 
sin^ 6'* 



(A.ll) 

(A.12) 
(A.13) 
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A. 2 Fermionic fluctuations 

The quadratic part of the AdS^ x superstring Lagrangian evaluated on a bosonic 
solution has a simple form (see [71 UHl El 122] for details) 

Lp = I - e^^'s'') d'pM' , Pa = Tac^ , ef = E^iX)daX'' , (A.14) 

where I,J = 1,2, s^"' = diag(l, —1), Pa are projections of the ten-dimensional Dirac 
matrices and are the coordinates of the AdS^ space for p = 0,1,2,3,4 and the 
coordinates of for p = 5,6, 7, 8, 9. The covariant derivative is given by 

Da^' =(6''Da-y''T,Pa^^' , T,=tToi234, = 1 , (A.15) 

where Da = da + ^uj^^Tab, ^a^ = daX^tu^^. Fixing the K-symmetry by the same 
condition as in (23^ -t}^ = -d"^ = ^ one gets 

Lp = -2t^Dp^ , Dp = -p-Da - '-e^'paT.Pb • (A. 16) 

Labelling the coordinates as follows: 

p: 01234 56 78 9 
X^" : t p ^ (f)i (f)2 ifs e ifi ip2 (A.17) 

we find that in the case of the folded solution that the non-trivial components of the 
Lorentz connection are 

uJq'^ = -wi sin 9, cJq^ = W2 cos 9 . (A. 18) 

For Pa we find 

Po = kTq + wiCos9T8 + W2sin9TQ, pi = V-j9' (A. 19) 

The operator Dp becomes 

Dp = {kTq + wi cos 9Ts + W2 sin 9TQ)do — Fy^'^i 

— 2^'^^0 + ^1 '^'^^ ^-'^8 + U]2 sin 9Tg) {Wi sin 6'F87 — W2 cos ^Fgy) 

+ e'(u;icos^F8 + u;2sin0F9)Fo7Fi234 (A.20) 
In section 3.1 we shall consider the special limit of this operator when 9^ = ^ and 

K OO. 



28 



A. 3 Some details 



In the main text we also use the general expression for the 1-loop correction to the 
energy in terms of the bosonic and fermionic characteristic frequencies |37j 



1 



1 



El = —E2d = — 
K Ik 



p=i 



oo 16 
n=l 1=1 



B 



1 



B - F 



(A.21) 
(A.22) 



(A.23) 

where mn is a minor of F, i.e. the determinant of the matrix obtained from F by 
removing the first row and first column, with F being the matrix entering the equa- 
tion detF = for the characteristic frequencies. This matrix satisfies the condition 
F'^{uJi^n,n) = F{—uJi^n, —n) (see [3tl for details). 



Let us also explain how one arrives at eq. ()3.9p of section 3.1, and, in particular, why 
one can indeed ignore the contribution of the x = point. From ()3.8|1 we get 

fi - fi - {w^ - + Hx)wfj = , (A.24) 
ii-ri" - {w^ - l)ri - 2e(x)w/i = , (A.25) 

and looking for solutions /i ~ A{x)e^'^^, r] ~ B{x)e^^^ we get 

A" + {uj'^+w'^-l)A-2iujwe{x)B = Q , B" + {00"^ +w'^ -l)B + 2iujwt{x)A = Q (A.26) 

Combining these two equations we get a 4-th order differential equation for A, which 
(after using that 5{x)e{x) = 0) becomes 

e\x)[A"" + 00^ A" + {w^ - 1)A"] - Ae\x)ujVA + 6{x)[uj^A + A" + {w^ - 1)A] 
+ e\x) {00^ + w^- l)[uj^A + A" + {w^ - 1)A] = (A.27) 

We can solve this equation for x < and x > with the ansatz A ~ e*^^ and obtain 
the characteristic frequencies ()3.9|) . Notice that the equation ()A.27j) contains a delta- 
function term which signals a discontinuity at the origin. Integrating ()A.27jl near x = 
and taking the interval of integration to zero we find that the only non-vanishing term 
is 

iu^A{0) + A"{0) + {w^ - l)A{0) = . (A.28) 

One can see that one cannot have the solution A ~ e*^^ valid at the origin since the 
frequencies fl3.9p do not satisfy equation ()A.28|) unless w = 0. To satisfy ()A.28|) also 
for w 7^ we need to have ^(0) = 0. This shows that A{x) is discontinuous at origin. 
Therefore, one can just ignore the x = point and thus obtain (j3.9p . 
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Appendix B: Large J limit of circular (5, J) solution 
in the SL(2) sector 

It is straightforward to perform the analog of the analysis of sections 2.3 and 3.2 and 
consider the J ^ S limit of the circular 2-spin solution in the SL{2) sector [22", I22j . 
One finds again the square root formula for the classical energy similar to ()2.46|) and 
also that 1-loop correction to it vanishes. 



B.l Limit of classical solution 

Let us start with a review of the solution j22l IHZj describing circular string which is 
rotating both in AdS^ and in S^. In terms of complex combination of embedding 
coordinates one has 

Yo = ro e'^^ , Yi = n e™"+^'^" , Xi = e''"^+''"' , Ya, Xa, X3 = (B.l) 

ro = cosh po , ri = sinh po , ''^0 ~ '^i = 1 • (B-2) 

Here po is a constant radius of the circular string in AdS^, k and m are the winding 
numbers, and w and w are rotation frequencies of the string. From equations of motion 
we have 

= ^2 + ^2 ^ ^2 ^ ^2^ ^2 = = A , (B.3) 

where A and A are the Lagrange multipliers for the embedding coordinates. The energy 
and the two non-zero spins are 

E = \f\£ = v^r^K , S = VXS = VXr^w , J = VXJ = VXw , (B.4) 

and the conformal gauge constraints imply 



2kS -k^ = 2Vk2 + ^25 + jr2 ^ ^2 ^ 

mS + kJ = Q , (B.6) 



while ()B.2j) gives also 

S 



(B.7) 



Eliminating k from ()B.5j) and ()B.7|1 one finds £ = S{S, J', m). 

Let us now consider the special limit when — > cxd with S and k being fixed and 
negative (this implies m ^ 1). Then S is also divergent but S — J' is finite. We get 

K = ^ + ^ + 0(4) , (B.8) 
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ro = 1 



5^ 1 
J 



ri 



5 1 



+ 



(B.9) 
(B.IO) 



and finally in the limit of ^7 ^ oo 



E-J=^S^ + FA . 



:B.ir 



B.2 Vanishing of 1-loop correction to classical energy 

Let us set k = —1 for simplicity. For generic and 5 the bosonic and fermionic 
fluctuation frequencies were obtained in ^j. There are 4 real free massive fields with 
mass u, for which in the limit (and after the rescaling of the coordinates t = kt, x = na) 
we get u = ±a/j?~+T. There are also two free massive modes with mass k, which in 
the limit has the same frequencies. The remaining coupled fluctuation Lagrangian in 
the large m-limit reads (cf. ()3.4|1 ) 

L = l (f? - f'l' + - + Fl - + G\- G'^) - 2VlTS^F,G, + 2F,G\ , (B.12) 



where Fq, Fi and Gi are fluctuations in AdS^ directions. The non-trivial characteristic 
frequencies are found to be similar to the ones in the SU{2) case (cf. ()3.22|) ) 



001,2 = ^l + (3^±^{p + (3Y + l, a;3,4 = -^l + (3^ ± ^ {p - (3^ + I , (B.13) 

The fermionic fluctuation Lagrangian has the following general form 

L = 2i^Df'& , Dp = Todo - Fg^i ± iaVi + cLoie + rfFiae , (B.14) 

where 

\/2mKrori nkw'^ — w'^ , kmnr?: /t^ . 

a = ^==, c= -, d=— 2- (B-^^) 

Expanding in large and rescaling the coordinates we obtain for k = —1 



Dp = Todt - Tsd, ± tVi - -(3Tow - + /^Tige • (B.16) 
The resulting fermionic characteristic frequencies are 
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Proceeding as in the SU{2) sector in section 3.2 to compute the 1-loop correction to 
the energy, we again find using ()A.23|) that in both the bosonic and fermionic cases the 
p-independent square roots in ()B.13|) and ()B.17|) do not contribute to Ei. As a result, 
we get the same integral ()3.29|) as in the SU (2) case 



El = ^ r dp Up^ + i + ^{p + py + i + ^{p-py + i 

^ J — oo 



J{p+^pf + l-J{p-^pf + l 



. 



:b.i8) 



Appendix C: Giant magnons in the SL(2) sector 

In this Appendix we shall consider "giant magnons" in the SL{2) sector, i.e. the 
analogs of the solutions of j2] and of section 2.1 that have spins in both AdS^ and S^. 
These "magnons" turn out to stretch to the boundary of AdS^ and, strictly speaking, 
have not only infinite energy, but also infinite E — J. However, this infinity, unlike the 
usual infinity for ii^ or J is associated with the boundary, and as such can be removed 
with a local counterterm. The final result is finite. 

The setup is similar to the SU(2) case in section 2.1. The relevant metric is that of 
AdSs X part of AdS5 x 

ds^ = - cosh^ p dt^ + dp^ + sinh^ p dx^ + dcj)^ , (C.l) 

and we make the ansatz 

t = r , (j) = t + (p{a) 

p = p{a) , x = w{t-ij{<j)). (C.2) 

We then find that T> in the action ()2.5p is given by 

V = {cosh^p-l-w^smh^p){{d^ip)f + w^smh^p{d„ij)^ + {d„p)^ 

+ {d^^p — w'^ sinh^ p da-^Y 
= cosh^ p {d„ipf + vo^ sinh^ p cosh^ p {duipY + (1 — w^) sinh^ p {d^pY 

-w^ sinh^ p {d^^ + d^tpy . (C.3) 

The resulting equations of motion have the special solution for tp 

d,ij = —^d„^. (C.4) 
smh p 

Substituting it back into the action we have the same expression as in (|2.9|) . except 
that now 

r = cosh p = , —ifio < ip < (fiQ. (^-S) 
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The difference E — J and the spin S are then given by 



E-J = f J"'d/^ 



27rVl - J~v>o sin Lf 
S = w{E-J). (C.6) 



Strictly speaking, the quanties in ()C.6|) are infinite because of the singularity at ip = 0. 
This corresponds to p = oo which is at the boundary of AdS^. Hence, this divergence 
is in the UV and differs from the individual divergences of E and J which are in the IR. 
Accordingly, the divergence can be cancelled with a counterterm. This is accomplished 
by deforming the contour slightly away from if = 0, giving the regulated answers 

- 'J Jrcg — / „ , Oreg — , , [^■1) 

TTvl — w vrvl — W 

where the subscript (reg) refers to the regulated quantities. We can then write 



{E - J),eg = -y l^rcgP + ^ sin^ I . (C.8) 

One can also derive this result using the finite gap analysis. We first remark that 
an SL{2) spin chain, strictly speaking, cannot have Bethe strings of finite size. For 
example, the Bethe equations for the one loop anomalous dimension in the SL{2) sector 
are 

/ yj-i/2 \ ^ ^jT Vj -Vk + i 

In the limit J oo, the left hand side is zero if Im^/j > 0. This means that the right 
hand side must also be zero, which can be accomplished only if there is also a root 
at Uj + i. But then replacing by Uj by Uj + i in the l.h.s. of ()C.9|) we again end up 
with a zero, which means that there is a root at Uj + 2i, and the argument continues 
ad infinitum. Hence, there are an infinite number of roots in the string and so S is 
infinite. 

When taking the continuum limit, the Bethe equations turn into integral equations 
and the Bethe strings become condensates. In the finite gap equations this translates 
into condensates of infinite extent. Furthermore, in order for the energies to be real, 
every infinite condensate must be paired with its complex conjugate. The finite gap 
equations for the SL{2) sector are very similar to the SU{2) equations [38^, and, in 
particular, the equations in ()4.19|) are the same with Ji and J2 replaced by S and J. 
Hence, we find that for an infinite condensate and its conjugate 

/+ioo+yo r+i\S\/2+yo 
dyp{y)- dyp{y). (C.IO) 

-joo+j/o J -i\S\/2+yo 
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The first integral is infinite if p = — i along the path. However, if we deform the contour 
slightly the integral will be zero, since p only has a double pole at infinity. Hence we 



find S'reg = — |S'reg|. Likewisc, 



l-+i\S\/2+yo p(y) 

{E - J rcg = 5,eg - 2g^ / dy , „ ^ — . (C.ll^ 



We solve for y^ the same way as in section 4.3 and then ()C.11|) immediately gives 

The same result can be derived for the SL{2) sector from the discrete asymptotic 
BDS-type Bethe equations in jl21lini- The arguments work in almost the same way as 
for the SU (2) sector as discussed in section 4. In this case the Bethe equations become 



(\ 



3 k 



1 21. 



(C.12) 



where Xj = x{yj ±i/2). Hence, as in the one-loop case if liayj > 0, then there must 
be a root at yj + i. Hence, the Bethe string goes on forever in the imaginary direction. 
In order to have real solutions, we require that there also be the complex conjugate of 
this Bethe string. In any case, one now finds that 



1 



x{yo + i|S'rcg|/2 + ij) x{yo + i\Sreg\/2 + ij - i) _ 

1 




x(?/o - Z I S'reg 1/2) 



x(?/o - «|5'reg|/2 + ij) ) 

^ (C.13) 



This then leads to (IC.8 



The negative sign in front of the square root in ()C.8|) may seem puzzling, so let us try 
to give a possible interpretation of this configuration on the gauge side. The divergence 
of S and E — J is due to the string going out to the boundary of AdS^. This suggests 
that we have inserted a localized adjoint gauge source, in other words, a Wilson line 
in the adjoint representation along a particular trajectory of the gauge theory. The 
infinite value for E — J can then be interpreted as the infinite contribution coming 
from a source of infinite mass, as was the case for the quark-antiquark configuration 
in l4Uj . Likewise, if the source is moving along the boundary, it will have infinite 
angular momentum if it has infinite mass. The regularization then corresponds to 
subtracting off this infinite energy and angular momentum and the resulting finite 
E — J and S are the contributions of the operators in the presence of these sources. If 
one thinks of the boundary theory as being defined on R x , then the allowed states 
must be color singlets on S^. Hence, if an adjoint source is inserted somewhere on the 
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S^, this must bind onto states such that the net color is zero.^^ With the background 
color source, we see no violation of the usual supersymmetry arguments that normally 
enforce E > J. 

Note that the circular SL{2) solution discussed in Appendix B is not made up of 
magnons of this type. Instead, the circular solution has a single cut shrinking to zero 
size along the real axis, which contrasts with the SU{2) case where it is a cut along 
the imaginary direction that is shrinking. But the bound magnons correspond to roots 
extended along the imaginary direction, and so, unlike the SU{2) case, it is not possible 
to see the SL{2) circular solution emerging as a limiting case of bound magnons. 



^^Let us note that in the Poincarc coordinates in AdS^ with the metric ds^ = ^{—dt^ + dr^ + 
dz^), the above solution has the form: 

- ^ t = i?tant, = {R^+r){l - . ^ 6i = «;arccos(- ^ 



sin ifQ cos t sin (po \/ + \? 

The boundary is at 2; = which occurs at = 0. Here t is the global time and t refers to the Poincare 
patch time. The trajectory at the boundary has the source coming in from infinity and reaching a 
minimum distance i? at t = 0. In the meantime its angle changes between — ^ and +^ (as w 
approaches 1 the trajectory approaches a lightlike straight line). 
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